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Review exercise 1

1
2tanhx—1=0 . .
sinhx &3 e’ —e "
x —x < tanh x = =—t—= -
b e —¢ ~1 coshx <<’ e'+4e
e +e
2¢" -2 =e"+e " You multiply both sides of this
¥ =3¢ equation by €".
er —
You take the logarithms of both sides of this
2x=In3 equation and use the property that
x:%ln3 Ine™ =2x.
2 The wording of the question requires you
5=3coshx N o e
. 7x < to use the definition coshx = 7
e +¢
5=3 [_]
You multiply this equation throughout by e*.
10=3e" +3¢™
3¢*-10+3e =0 You may find it helpful to substitute y =e* and then, factorise,
3 —10e* +3=0 < 3y =10y +3 = (3y—1)(y—3) = 0. This gives
(3e' —1)(e" —3)=0 y=+and y =3 and, hence, ¢" =1 and e* = 3. With practice,
© 1 the substitution can be omitted.
e =35, =3
x=In (%) ,In3

The answer x =—In3 would also be
acceptable.

A
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3 The curves intersect when
5sinh x =4 cosh x

5|2 |y te
2 2

S5e* —5e " =4e* +4e”"

e =9"
er — 9
2x=1In9

x=%ln9=ln\/§=ln3

In3 _ -In3
y:5sinh(1n3)=5(%]=_x
20
=—X—=—
3
20
:3’ = —
p=34q==

5coshx—2sinhx=11

R Y R
2 2

Se"+5e " —2e" +2e =22
3" -22+7e " =0
3’ —22¢"+7=0
(Be'=I)(e"=7)=0

x _ 1
e—§,7

2

Solution Bank

@ Pearson

You use the definitions

ex _ e—x

sinh x = and

A

(3‘3

[

—-X

e +e

coshx =

Using the law of logarithms
nlna =Ina" with n=4 and a =9.

In3 ~In3 Inl-In3 Int .
e =3and e =" =¢" =1, using

In1=0 and the law of logarithms

Ina—Inb :lnﬁ.
b

.. . e
You use the definitions sinh x =

A

X —X
e'+e
and coshx =

A

You multiply this equation throughout by e*.

A

x=In{,In7

You may find it helpful to substitute y =e* and
then, factorising

3y° -22y+7=CBy-1)(y-7)=0.

This gives y =+ and y =7 and, hence, ¢" =1
and e* =7. With practice, the substitution can
be omitted.
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5
6sinh2x+9cosh2x =7

Solution Bank

@ Pearson

A

2x _ 2x 2x —2x
6 € € 49 e +¢c _7
2 2

6e" —6e +9e” +9¢ " =14
15> —14+3e™" =0

15¢* —14e* +3=0

(3e™ —1)(5¢** =3)=0

X —-X

e’ —e
2

You use the definitions sinh x =

X -X

and coshx =< replacing x by 2x.

*\ You multiply this equation throughout

by e*.

You take the logarithms of both sides

A

e2x:l,§
3'°5
2x=lnl, lné
5
x:llnl,lln3
2 32 5
_13
P=35
6 a

sinhx+2coshx =%

of this equation and use the property
that Ine® = 2x.

.. . e
You use the definitions sinh x =

e—e’_'_2 e +e” iy
2 2

e’ —e " +2e" +2e " =2k
3" —2k+e " =0
3e™ —2ke" +1=0

Let y=¢"

3y° —2ky+1=0

X —-X

+¢e

e
and coshx =

Using the quadratic formula

| 2kE4J(4k*-12) <

6

k++(k*-3)
- )
For real y

y

e —b+.J(b*> —4ac)

2a

If x< —+/3, then both

=320 k>3, k< -3 <
As y=¢" >0 forallreal x, £ < —\/5 is rejected.

k >A/3.

k+~vk> =3 ind k—+J(K>=3)
3 3
negative.

are

You could solve the equation in part b

b Using (1) above with k=2 <

L 2+J@-3) 241
3 3
e'=1,1=x=Inl,Int=0,-1n3

y=e

without using part a but it is efficient to
use the work you have already done.
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7 a

e'+e”

Solution Bank

cosh? x —sinh® x = ( 5

S

2

4

=1, as required.

@ Pearson

5 (e"+e ) =(e) +2e e +(e)
e_xj / =™ +2+e

e +2+ e — (e —2+¢e™)

b Rewriting the equation in terms of the exponential definitions of the hyperbolic functions, it

_4
4
becomes:
1 2
X —X - X —X = 2
e —e e —e
2 e’ +e™
2 2 (e" +e " )
e —e” et et

2-2e"—-2e " =2e" -2e"

2cosh2x—1:2(e +2€ j -1

2x —2x
oy, &2t
4

2 4 2e

= +—+ -1
4 4 4

er + e—Zx .

= — = cosh 2x, as required

b Using the result in part a
cosh2x—5coshx =2

2cosh®>x—1-5coshx =2
2cosh?>x—5coshx—-3=0
(2coshx+1)(coshx—3)=0
coshx=—1, coshx =3

1

coshx =—= 1is impossible

x =xarcosh3 = iln(3+\/§)

(e +e )Y =(e) +2e" e+ (e

=e™ 42+

If arcoshx >0 then arcosh x = In(x ++/(x* = 1)).

However if cosh x = a, where a > 0, then there are

two answers x = *In(a ++/(a” —1))
v

y=coshx
\_a /
N
o X

A

These answers can also be written as x =In(3+ \/g).
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9 a

Using the binomial expansion
(e +e™)
=(e")’ +3(e")’ e

+3e" (e ) + ()

' 43e"+3e 7 +e et +3e” C M 430" 436 4o
2 2
eSx + e—3x )
= — = cosh 3x, as required.

b cosh3x=5coshx
Using the result in part a

4cosh® x—3cosh x = 5cosh x
4cosh® x—8coshx =0
4cosh x(cosh® x—2) =0
As for all x, coshx >1,

coshx = \/5 There are 3 possible answers to this cubic,
xX= +ln(x/§+1 cosh x =0, coshx =—/2 and
coshx = \/E As for all real x, coshx >1
1 2-1 .
—In (\/E + 1 X only the last of the three gives real values
+1) e 2 of x.

_ lnE\/El_lJ _ ln(\/i—l) Using arcoshlen(me/(x2 —1))

The solutions of cosh3x =5cosh x, as natural logarithms, are x = ln(ﬁ + 1).

10a
cosh A cosh B —sinh 4sinh B When multiplying out the brackets
4 y B _B A -4 B _ _-B <4+—— you must be careful to obtain all
= ( ¢ +¢ ](e +e ] - ( c ~¢ j( c ~¢ j eight terms with the correct signs.
2 2 2 2
| ¢ ueb | —avB | 4B, -A-B _ A+B | -A+B _ A-B _ -A-B
- Z (e +e e te —e - +e +e —=¢ ) You use the definition
1 (267A+B+26A73)— A N G < coshx =" with x= A+ 8B.
4 2
= cosh (4 — B), as required.
b < You expand cosh (x —1) using the result
cosh xcosh1—sinh xsinh1=sinhx of part a.
cosh xcosh1=sinhx(1+sinhl) \ Divide both sides of this equation by
coshl i
tanhx =——— cosh x(1+sinh1) and use tanhx = sinh x .
1+sinhl cosh x
ere”! -1 2
e+e e +1 .
tanhx = —2—= —=— , as required.
I1+¢5— 2+e-e¢ e +2e-1
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11a Let y=arsinhx

Th _sinh b= e’ —e™ You multiply this equation throughout by ¢”
en X =S i/ and treat the result as a quadratic in ¢”.
2x=¢" —e”’

2y _ y_1=
© 2xe’ —1=0 The quadratic formula has = in it. However

o 2x ++/(4x% +4) < x—+/(x* +1) is negative for all real x and

does not have a real logarithm, so you can
ignore the negative sign.

2
_ 2x+2«2/(x2 +1) . /—(x2 1)

Taking the natural logarithms of both sides,

y=In [x+\/(x2 +1)}, as required.

b / Using the result of part a with x = cot 6.

arsinh (cot @) =In _cot 0 ++/(1+cot 9)}

Using cosec’d =1+ cot> 6.

= In(cot & + cosec H)
cos@ 1 cosd+1
=ln| ——+— =ln| ————
sinf siné sin @ You use both double angle
20 < formulae cos2x=2cos’ x—1 and
2cos” § . . .
=ln| ——— sin2x = 2sin xcos x with 2x = 6.
2sin4cos?

[

0
=In C?S 2 | = lnicot QJ, as required.
sin 5 2
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12a Let y=artanhx

Solution Bank

@ Pearson

You have been asked to prove a standard result
in this question. You should learn the proof of

this and other similar results as part of your
preparation for the examination.

Make e the subject of the formulas and then

take logarithms.

You need to be able to sketch the graphs of the
hyperbolic and inverse hyperbolic functions.
When you sketch a graph you should show any
important features of the curve. In this case, you
should show the asymptotes x =—1 and x =1

of the curve.

e’ —¢e”’
e’ +e™”
eY_e_}’ ey
el te e
e” —1
e+l N
xe +x=e" -1
e’ (1-x)=1+x
ezy=1+x
1-x
1+x
2y=In| ——
1-x
1 1+x .
y=artanhx =—In| —— | for | x|<1as required.
2 1-x
b
1 ka 1
iy:artanhx <
L0 .
1 T
c

x =tanh [ln\/@]

A

In/(6x) =artanh x = %ln (H_x}

You use the result in part a.

JGm = (1+xj

1—x
1+x
In\/(6x) =1n (1—)

As you have squared this equation, you might
have introduced an incorrect solution. It would
be sensible to check on your calculator that

are solutions of x = tanh [ln,/(6x)]. In

this case, both are correct.

11
x_2’3

I-x

Squaring
6x = Irx
1-x

6x—6x> =1+x
6x° —Sx+1=03x-1)2x-1)=0

—1 1
x_2’3
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1—-4J(1—x%)

Solution Bank

13a
ln[ ]+ln

X

X

=

b Let y= arcoshl = arsech x

X
sechy=ux
2
=X
e +e’

2=xe’ +xe™”

, as required.

@ Pearson

There are a number of different ways
of starting this question. The method
used here begins by using the log rule
loga+logb =1logab.

This is the difference of two squares
a’ —b* =(a—b)(a+b)with

a=1and b=/(1-x%).

Multiply throughout by e’ and treat

xe? =2¢’ +x=0

o C2E(4-4x7)
= . =
1++/(1-x?)

X

1[

=+In (H— V(l_xz)]

X
y=arsechx = lnL

X
¢ Using sech’x =1-tanh’ x
3tanh® x—4sechx+1=0,
3—3sech’x—4sechx+1=0
3sech’x+4sechx—4=0
(3sechx—2)(sechx+2)=0
sechx=2
x==*In

1+4/(1-x%)
X
j ln(lw/(lxz)]

X
<

the result as a quadratic in ¢”.

, using theresultof a

1+4(1-x%)

] , as required.

Either of the two answers is
possible but it is conventional
to take 0 < arsech x <1.

P sech x =—2 is impossible with
- real values of x.
1+ J(1-4) [ 315 T
2 B 2 «l *= ln[ _2 ] is another correct

form of the answer.
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14 a

15a

cosh 36 = cosh(260 +6)

@ Pearson

In a complicated calculation like this, it is
sensible to use the abbreviated notation
suggested here but, if you intend to use a

= cosh 2@ cosh @ + sinh 2@ sinh
Letcosh@ =candsinh@ =s )
cosh30 =(2¢* —1)c+2scxs

=2¢ —c+2s%c

=2¢" —c+2(c’ ~1)c

=2¢"—c+2c* - 2c

=4cosh’ §—-3cosh @

notation like this, you should state the
notation in the solution so that the marker
knows what you are doing.

You use the ‘double angle’ for
hyperbolics cosh26 =2cosh®> -1
and sinh 26 = 2sinh @ cosh § and
the identity cosh> @—sinh® 8 =1.

cosh 50 = cosh(30 + 26) = cosh 30 cosh 20 + sinh 3@ sinh 20 The signs in these formulae can be

cosh3@cosh 26 = (4¢> —3c)(2¢* —1)
=8¢’ -10c” +3c
sinh 3@sinh 26 = sin(26 + @) sinh 26

worked out using Osborn’s rule.

= (sinh 26 cosh @ + cosh 28 sinh ) sinh 26

=(2scxc+(2c* —1)s)2sc

=2(4c* ~1)s’c

=2(4c* —1)(c* - 1)c

=8¢’ —10c” +2c
Combining the results

cosh50 =8¢* —10¢® +3¢c+8¢° —10¢° +2¢
=16cosh® & —20cosh® @+ 5cosh @

2cosh5x+10cosh3x +20cosh x =243,
Letting cosh x = ¢ and using the results in a
32¢° —40¢® +10¢ +40¢* —30¢ +20c¢ = 243

s 243 3

C

==
32 2

x== arcosh% ~=+0.96

You can use an inverse hyperbolic
button on your calculator to find

/ arcosh E
2

When you draw a sketch, you should show the
important features of the curve. When drawing
an ellipse, you should show that it is a simple
closed curve and indicate the coordinates of the
points where the curve intersects the axes.
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15b b’ =a’(1-¢)
9=16(1-¢)=16-16¢

,_16-9 7

e —_—
16 16
J7

e=—

¢ The coordinates of the foci are given by

The formula you need for calculating the
eccentricity and the coordinates of the foci are
given in the Edexcel formula booklet you are
allowed to use in the examination. You should
be familiar with the formulae in that booklet.
You should quote any formulae you use in your
solution.

'
(iae,0)=(i4x§,0J:(i 7,0)

16a b*=a’(e’-1)

A

4 =16(* —1)=16¢> —16
,_l6+4 20 5
16 16 4

b The coordinates of the foci are given by

(+ae, 0)_(+4x§ oj (+245,0)

The formula for calculating the eccentricity
is b* =a’(e’ -1)

It is important not to confuse this with the
formula for calculating the eccentricity of an
ellipse b* =a’(1-¢€%)

The formulae for the foci of an ellipse and a
hyperbola are the same (iae,O)

Therefore the distance between the foci is 2\/§ + 2«/3 = 4\/§

17 a b2:a2(1—e2)
4 =9(1-¢")=9
Rt B SN

9 9
The coordinates of the foci are given by

(+ae, 0)_(+3 \/3— ] (+45,0)

£
3

this sketch, you should show where the
curves cross the axes. Label which curve is H
and which is E. These two curves touch each
other on the x-axis.

As the coordinates of the foci of an ellipse
are (tae,0), you first need to find the
eccentricity of the ellipse using

b? =a2(1—e2) witha=3and b=2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.
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In this question, you are not asked to draw a
diagram but with questions on coordinate
geometry it is usually a good idea to sketch a
diagram so you can see what is going on.

17b YA
4_
N //’->Pv N
S’ 15) S x
< 5 >
i

. . . a
The equations of the directrices are x =+—
e

L9

L3
_ﬁ NG

3

Let the line through P parallel to the x-axis intersect the directrices at N and N', as

shown in the diagram

9 18 <

5T

The focus directrix property of the ellipse gives that
SP=ePN and S P=ePN
SP+ §'P=ePN + ePN
=e(PN+ PN )=eN'N

J5 18

=—x—==0, as required.

345

N'N

If you introduce points, like N and N here, you
should define them in your solution and mark
them on your diagram. This helps the examiner
follow your solution.

18a 3x’+4)> =12

A

XY
4 3
b? :aZ(l—ez)
3=4(1-¢")=4-4¢’
pod3 1. .1
4 2

You divide this equation by 12

=1, *=

2 2
Comparing the result with z—z + ;—2
4 and b*> =3 and you use b>=a’> (1 —¢€*) to

calculate e.
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18b 3x*+4y° =12

Solution Bank

Differentiate implicitly with respect to x

@ Pearson

6x+8yd—y=0 )
dx

dy_ 6x _ 3x

dx 8y 4y

At (1,3)

d_y_—3><1_ l

dx  4x3 2

Differentiating implicitly using the chain

d dy d d
rule, a(4y2)=ayd—y(4yz) =Ey><8y

Using y — y1 =m(x — x1), an equation of the tangent is

y=3=—1(x-D=—3x+1

y=—1x+2

Sketching a diagram makes it clear that the

“l
S " / <

The coordinates of S are
(ae,O) = (2><%,O) =(1,0)

=Y

By symmetry, the coordinates of §" are (—1,0)

The y-coordinate of G is given by

y=0+2=2

area of the triangle is to be found using the
standard expression +basex height with

the base S'S and the height OG.

A

ASS'G =1basexheight
= 1S'Sx0G
=12x2=2

You find the y-coordinate of G by substituting
x = 0 into the answer to part a.
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19a 5, has coordinates (g 3,0]

Hence
3 « a
° 2 Comparing (5 3,0j with the formula for
b =d*(1-¢
( ) 2 the focus (ae,0),e = %
= a2 1 — 2 — a_ ES
4 4

2 2

. . . x . . . . .
An equation of the ellipse is — +_y - = | <«—— Youare given t}.lat a is the Semi-major axis,
so a can be left in the equation. The data in

the question does not include b, so b must be
replaced.

Using *
2
+ =1

2
X

<

N|

2

Q
Q

4
The required equation is
LA

2 2
a a

x’+4y’ =a’

b Equations of the directrices are

a a 2a
xX=t—=+t—=4+—
PN AN

2

¢ From * above, b:%

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.
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19d For Q
acos¢@ lasin =| acos™ lasinE
) 4 4’2 4
_[i a j_ a2 a\/E
V27242 2 4
For P

[acosqﬁ lasm j—[ cos~ lasinzj
Y 2722

For PO
a A
Y- B x—0 < Using the formula from module
a\/E a a\/z C1 for a line, YTh T4
4 _5 ) - Vo= XX
4y—-2a 2x

42y -242a = (V2 - 4)x
(4-2v2)x+42y -242a =0

Dividing throughout by 2\2

The a cancels throughout the denominators
of this equation. On the left-hand side

4(y—‘2lj _4y-2a
ERE

4 2

(x/E—l)x+2y—a =0, as required.

20a

A

b’ =a’(1-¢e*)
4=9(1-€")=9-9¢

,_9-4_5 J5

e - =

—=e
9 9 3

b The coordinates of the foci are

The formulae you need for calculating the
eccentricity, the coordinates of the foci, and the
equations of the directrices are given in the
Edexcel formula booklet you are allowed to use
in the examination. However, it wastes time
checking your textbook every time you need to
use these formulae and it is worthwhile
remembering them. Remember to quote any
formulae you use in your solution.

(+ae,0) = (+3x£ o] (+/5,0)

The equation of the directrices are

x= +__+__+

ff
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20 ¢
x=3cosf, y=2sinf
£2_3sin0,d—y:20050
do do
d_y_d_yxﬁ_2cos6’
dx d@ dx 3sind
y=y=m(x—x)
2cos@

3sin

y—2sinf =

(x—3cos )

3ysin@—6sin’ @ =—2xcosf+6cos’ O
2xcos@+3ysin@ =6(cos’ @ +sin* @) =6

< Divide this line throughout by 6

xc;)s€+y51nt9

=1, as required.
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20d
y
N
0
Let the foot of the perpendicular from O to the tangent at P be M.
Using mm’ = —1 the gradient of ON is given by

\?

,__ 1 _3siné
dy  2cosf
dx
An equation of ON is y = 3s%n0
3sind

Eliminating y between equation * and the answer to part ¢
xcos @ sinH( 3sin @ xj 1

+
3 2 \2cosé
x(4cos2 0+9sin’ 0 x} 1
12cos @ ‘o iZcos@l __and y= iSsmH. i
4cos” 0 +9sin” 0 4cos” @ +9sin” 0
- 12cos 6 I | are parametric equations of the locus.
4cos” @ +9sin’ @ Eliminating & between them to obtain a Cartesian
Substituting this expression for x into equation * equation is not easy and you will need to use the
3sin @ 12 cosd 18sin @ printed answer to help you.

= X =
Y 2cosf 4cos’@+9sin’@ 4cos’ O+9sin’ O

, ( 12cos @ jz ( 18sin @ jz
X +y = 2 = 2 + 2 =2
4cos”@+9sin” 0 4cos*@+9sin” 0

_144cos’ 0+324sin’ 6 36(4cos’ O+9sin” )
" (4cos’0+9sin’0)®  (4cos’ O+9sin® 0)
) 36
 4cos>0+9sin’ 0
9x144cos’ @ +4x324sin’ 0
(4cos”* @+9sin” )’
_1296¢0s”* 6+1296sin’ 0 1296
© (4cos’0+9sin’6)>  (4cos’O+9sin’ 6)

:( 36 j =(x2+y2)2

9x* +4y” =

4cos’ @ +9sin’

The locus of Nis (x> + y*)* =9x” + 4y, as required.
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21a
x=acos@, y=bsinf

_:_asine,d—y:bCOSH
do do
& _dy d0__boost

dr d dv  asind
Using mm' = —1, the gradient of the normal is given by

o — asind
bcosO
Y= :m,(x_xl)
y—bsinf = as?ne(x—acosﬁ)
bsin @

bycos@—b’sinf@cosO = axsin @ —a’ sin O cos O

axsin@—bycos@ =(a” —b*)sin@cos <
ax —_b—y:az—bz
cos@ sind

2 2 :
axsecl—bycosecld =a” —b", as required

b Substituting y = 0 in the result to part a
axsecl=a’ —b’

Divide this equation throughout
by sin @ cos 8

A

2 2
a —b
cos @

X =
a

2 2
a —-b

P:(acos@, bsin0), G ( cosd, O]

a

You find the x-coordinate of G by
substituting y = 0 into the equation of the
normal at P and solving the resulting
equation for x.

The coordinates (x,,, y,,) of M the midpoint of PG are given by

(xl"'xz Y +yzj

2 2
acos@+%cos€
X, =
2
cos@( a*+a’* - b* 24* -b*
= = cos @
2 a 2a
_bsin0+0 bsind
Yu B 5

Hence, the coordinates of M are
[ 2a° - b?

cos 0, ésiné? , as required.
2a 2
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21¢ ForM
2a> b’ b) .
xX=|———|cosf, y=|—|sind
2a 2
X .
cos@——,sinf = A
2a> - b’ ( b )
2a 2
2 .2
cos“@+sin“ 0 =1 22
2 2 Any curve with an equation of the form — +2 —1isan
al PP «— | a b
202 —b? 2 b 2 ellipse. If you are asked to show that a locus is an ellipse, it
<d =0 (j is sufficient to show that it has a Cartesian equation of this
2a 2 form.

This is an ellipse. A Cartesian equation of this ellipse is
4a’x’ N 4y°
(2a2 -b’ )2 b?

=1

=Y

Y

Substituting x = 0 into the equation of the normal

2 2

—bycosecO=a’ - = y=-2 sin @

2 72
a — .
Hence OH = sind
area AOMG _YZ coordinate of M <4— The triangles OMG and OGH can be looked at as
area AOGH OH having the same base OG.
( % ) sin@ 1?5 the area of a triangle is
# sin @ 3 base x height, triangles with the same base will
b? . have areas proportional to their heights. The height of
- 2 a— bz) » as required. the triangle OGM is shown by a dotted line in the
diagram and is given by the y-coordinate of M.
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22 In the first Cartesian quadrant, the ellipse is the graph of the function y =4, /1 _x_2
8

2
8
The area it encloses for x greater than 4 is 4_[4 1—)86—2 dx ; we solve the integral by putting x =8sinu,

getting:
4 IfScosz udu=

=16[ " 1+cos2u du =

In order to get the total area we need the area of the triangle PQO, where O is the origin and Q is the
projection of P on the x-axis. The area of this triangle is easily 43 therefore, the area of the shaded

.. 16 16
region is —m anda =—
3 3
e yz
23 a Substituting y =mx+c into —+==1
a b
x> (mc+c) < Multiply this equation throughout by
- + b—2 =1 a2b?
5 2a 5 5 _ Then multiply out the brackets and
b*x"+a (mx+c)" =a’b collect the terms together as a
b’x* +a’m’x’ +2a’mxc+a’c’ =a’b’ quadratic in x.

(@’m* +b*)x* +2a’mex+a’(c* —b*)=0
As the line is a tangent this equation has repeated roots

‘b*—4ac=0"
da*m’c’ —4(a’m® +b*)a’ (¢’ =b*)=0
22 2 2 2 a2 g2 Divide this equation throughout by »?
amc —(am +b7)(c" -b7)=0 and then rearrange to make c? the

M{_M_}_ acm*br —b*ct+bt =0 < subject of the formula.

¢’ =a’m® +b*, as required.
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23b (3,4)ey=mx+c

Hence 4=3m+c=c=4-3m (1) < The tangents have equations of the
. . form y=mx+cand x=3, y=4
For this ellipse, a =4 and b = 5 and the . . .
. must satisfy this relation.
result in part a becomes

c=16m*+25 (2)

Substituting (1) into (2)

w\

(4-3m)* =16m"* +25 (3.4)
16 —24m+9m* =16m* +25
Tm* +24m+9=(m+3)(Tm+3)=0

7
Ifm=-3,c=43m=4+9=13

Ifm=—%, c=4—3m=4+2=£

A

There are two tangents to the ellipse
The equations of the tangents are which pass through (3, 4)

Both have negative gradients.

3 37
=-3x+13and y=——x+—
y y 7 7

2 2

. . . X
24 a Substituting y = mx+c into — er—2 =1
a b ; : .
5 5 Multiply this equation throughout by

X (mx+c) 1 2D

— — 4—

a’ b? Then multiply out the brackets and

b2 + a2(mx n C)Z = g*b? collect the terms together as a
b’x* +a’m’x’ +2a’mxc+a’c’ =a’b’ uadratic fn x

(b +a*m*)x* +2a’mex +a’(c* —b*) =0, as required.

b As the line is a tangent the result of part a has repeated roots
‘b*—4ac=0"
da‘m’c’ —4(b* +a’m*)a’ (¢’ —b*)=0 < I Divide this equation throughout by 4a?
am’c® —(b> +a’m*)(c* -b*)=0

2.2 2 2 2 4 2.2 2 2212
amce =bc+b —amc +amb =0 —

¢’ =a’m’ +b*, as required.

Divide this equation throughout by 5?
and then rearrange to make c? the
subject of the formula.
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24 ¢

J’A/

B

@ Pearson

E <
L \
z !/ 5
An equation of L is y = mx+~+b> +a’m’

For4y=20
Vb +a’m’

0=mx++b*>+a’m’> =>x=—

m
/ 2 2.2
Hence 0A=M
m
ForBx=0

y=Ab>+a’m’

Hence OB =+b* +a’m’

The area of triangle OA4B, T say, is given by

2 2.2
T=Youxop= LYo ram i
2 2 m
b’ +a*m?

2m

As & =a’m* +b*,y=mx+c
could have the forms

y=mxt (bz +a2m2)

However, the question specifies
that the tangent crosses the positive
y-axis. As the line has a positive y

intercept, you can reject the
negative possibility.
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2 2.2
24d T :bJr&:lbzm’1 +la2m
2m 2 2

For a minimum

dTr 1 L1
—=——bm+=a"=0
dm 2 2

b’ ) , b’ The diagram shows that the tangent has a positive
—=a =m =— b
m o a ) gradient and so the possible value —— can be
As L has a positive gradient a

b ignored.

T= = = ab, as required.

b 2 2.2 2 2 b ’ 2 2
e Atm=—,c"=am +b"=a"|—| +b°=2b
a a

Substituting m = b and ¢ =~/2binto the result in part a.
a

b’ b
[bz +a’ x—zsz +2a° x—x~2bx + a’(2b* -b*)=0
a a Divide this equation throughout by 5’

2b°x* + 2ab® \/Ex +a’bh* =0 A/

2x2+2a\/§x+a2:0 — - -
As the line is a tangent, this quadratic

2 .
(\/5 X+ a) -0 \ must factorise to a complete square. If
you cannot see the factors, you can use

the quadratic formula.

X=-

V2
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25a To find an equation of the tangent at P.
x =cosht,y =sinht

ﬂ =sinht, d_y =cosht
dt d
d_y_d_yxi _cosht
dx df dx sinht
Using y — y1 = m(x — x1)

) h
y—sinht = CF)S ! (x—cosh?)
sinh ¢

ysinht —sinh® ¢t = xcosh ¢ —cosh® ¢

ysinh¢ = xcosh ¢ —(cosh”t —sinh’ ¢)
=xcoshz—1 <

xcosht— ysinht =1 1)
To find the equation of the normal at P.
Using mm'=—1, the gradient of the normal is given by

,__sinht¢
cosht
Y=Wn :m'(x_x1)
) inh#
y—sinht=— S (x—cosh?)
cosht

ycosht—sinhzcosht =—xsinh¢+sinhfcosht
xsinht+ ycosht =2sinh¢cosht 2)

Using the identity

cosh? ¢t — sinh?t =1
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Solution Bank

L4
* 'y

To find the coordinates of G, you

Substitute y = 0 into (2) <
xsinh¢ =2sinh¢cosh ¢

x =2cosht
The coordinates of G are (2 cosh ¢, 0)
The x-coordinate of Q is cosh ¢
The asymptote in the first quadrant has equation y =x €+——
Hence the coordinates of Q are (cosh ¢, cosh 7)
The gradient of GQ is given by n-y, _ O-cosht -1

x,—x, 2cosht—cosht

As the gradientof y=xis l and 1 x -1 =—1, GQ is
perpendicular to the asymptote.

Substitute y = 0 into (1)

xcosht=1=x=
cosh¢

substitute y = 0 into the equation of]
the normal found in part a.

To asymptotes to the hyperbola

2 2
X

?_b_ZZI are y:igx

These formulae are given in the
Edexcel formulae booklet. With the
hyperbola a = b =1 and the

asymptotes are y =t x

The asymptote in the first quadrant
has equation y = x

A

The coordinates of T are [ ! ,Oj
cosht

Substitute x = 0 into (2)

To find the coordinates of 7, you
substitute y = 0 into the equation
of the tangent found in part a.

A

ycosht =2sinh¢cosht = y =2sinht
The coordinates of R are (0,2sinh?)

TG =2cosht—

cosht

To find the coordinates of R, you
substitute x = 0 into the equation
of the normal found in part a.

2
TR2:0R2+OT2:(2sinht)2+( ! j <
cosh¢

=4sinh’* 7 + ! =4(cosh*t—1)+
cosh’ ¢
1

cosh’ ¢

2
j =TG"*

cosh? ¢

=4cosh’t—4+

=(2 coshz—
cosht

If a circle can be drawn through R
with centre T and radius 7G then
TR must also be a radius of the
circle. So you can solve the
problem by showing that 7R and
TG have the same length.

Hence TR = TG and R lies on the circle with centre at 7 and radius 7G.
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27

YA

Let the point P have coordinates (acosht,bsinh¢)

To find an equation of the tangent P7,
E:asinht,d—yzbcosht

dr dt
d_y_d_yxg_d_y;%_bcosht

dx dr dv dr dr asinhz
Using y -y, =m(x—x)

Solution Bank

@ Pearson

To find the coordinates of 7, it is easiest
to carry out your calculation in terms of
a parameter. As the question specifies
no particular parametric form, you can
choose your own. The hyperbolic form
has been used here but (a sec ¢, b tan ¢)
would work as well and there are other
possible alternatives.

_bsinht = bcoshs h To find the x-coordinate of 7, you
Y SINAE = asinht (x—acosh?) / substitute y = 0 into an equation of the

aysinht —absinh® t = bxcosht —abcosh’ ¢

aysinht = bxcosht —ab(cosh® t —sinh” ¢)

tangent at P, so first you must obtain
an equation for the tangent.

Using the identity

=bxcosht—ab <
For7,y=0 <
bxcosht=ab= x=
cosht
The coordinates of N are (a cosh z, 0)
OT-ON =—%xacosht = a?, as required.
cosht

dx d
a = —gsecttant,— = bsec’t
dt t

dyv  bsec’t  bsect b
dx asecttant atant asint

Using mm'=—1, the gradient of the normal

asint

b

An equation of the normal is
y=y =m'(x-x)
asint

is given by m'=—

y—btant =— (x—asect)

by—b’tant = —axsint +a’ tant

axsint+by =(a” + b*)tant, as required.

/ To find the gradient of the
tangent, you use a version

cosh?t — sinh? =1

of the chain rule

dy

b _ b &
de dr de &
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The x-coordinate of 4 is given by
axsint+0=(a’ +b*)tant

Solution Bank

@ Pearson

A

_az+b2 ><tanz‘_a2+b2

X — =
a st acost
2 2
a +b
Hence 04 =
acost

Using b* =a’(e’ —1) with e :%

2
b’ =a’ (E—IJ:SL

A diagram is essential here. Without it,
you would be unlikely to see that there
are four possible point where
04=30S8

There are two to the right of the y-axis,
corresponding to the focus S with
coordinates (ae, 0), and two to the left
of the y-axis, corresponding to the
focus, here marked §’, with
coordinates (—ae, 0)

A

You need to eliminate b from the
length OA to obtain a solvable
equation in ¢ from the condition
04 =348

These values give two points

4 4
2 2 2| 54%
and 04=2 +b _a 9a
acost acost 4cost
As ezé,
2
OS=ae=3—a
2
04 =308
9a 9a 1
=—=C0St=—
dcost 2 2
T St <«
t==,—
33

P, (2a,\/3b) and (2a,—/3b)

These are the solutions in the first and fourth quadrants.
From the diagram, by symmetry, there are also solutions in the second and third

quadrants giving
|2 dn

<
) w

3 3
The possible values of 7 are
w21 4n Sm

9 2 b

33 3 3

These correspond to the two points (—2a,\/£)

and (—2a,—/3b) where cost :—%
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2 2
X y 2 2
28a ——2—=1 < s, Xy
2 2 X =y =a =>—=-==1
a a 2 2
b =a’*(e’ -1) o
For this h bola b ) This is an hyperbola in which a = b
or this hyperbola b~ = a

ad=dE@-)=l=e-1=e" =2

e =+/2, asrequired.

b The coordinates of S are
(ae,0) = (av/2,0)

An equation of L is

a a _a\/E

e \/5 2

IS . . .
; SP is perpendicular to y = x, so its
gradients is —1
Pl An equation of SP is
~NR
oA > y=—l(x—av2)=-x+a"2
0"
: y+x= a\/i
x= % y=—x
SP meets y = x where 22 b
The asymptotes to the hyperbola — Y 1 are y=t—Xx
a 2 a2 b2 a
X+x= a\/i =>X= . .
2 These formulae are given in the Edexcel formulae booklet.

Hence P is on the directrix L. <«—— | With this hyperbola a = b and the asymptotes are y =+ x
SQ is perpendicular to y = —x,

. ) ) This question is about the intersection of line with the
so its gradient is 1

asymptotes. The lines y = x and y = —x are perpendicular to
) ) each other and a hyperbola with perpendicular asymptotes is
An equation of SQ is called a rectangular hyperbola. In Module FP 1, you studied

y=1(x- a\/z )=x— a\/z another rectangular hyperbola, xy = ¢?

y=x—ax/§

2
SO meets y =—x where —x=x—ax/§:>x=a

2

Hence Q is on the directrix L.
Both P and Q lie on the directrix L.

a2a\/§
272

av?2 _ax/EJ

The coordinates of P are [

The coordinates of Q are [ 5 5
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28d SP:y+x= a2 1) < To find the coordinates of R, you
Hyperbola x* - y* =a’> (2) solve equations (1) and (2)
simultaneously.
Form (1) y= a2 —x A3)
Substitute (3) into (2)

x’ —(a\/z—x)2 =a’

x?=2a* +2+2ax - x* = d*
The coordinates of R

2\2ax =3a* = x = 3a =£a [3\/E ‘/Ea]

A

2\/5 4 are

Substituting for x in (3)

To find the tangent to the hyperbola at R
2 2 2
X =y =a

dy dy x
2x-2y E =0= a == Differentiating the equation of the
Y D hyperbola implicitly with respect to x.
AtR
dy x **a
dx y ~fa

J2 W2 92
y———a=3 —a |=3x——a . .
4 This is the equation of the tangent to the

hyperbola at R. To establish that R passes
y=3x— 2\/561 < through Q, you substitute the x-coordinate
5 5 \/5 of Q into this equation and show that this

At x=2 y= (a ]_ 2W2a=-12 gives the y-coordinate of Q.

27 2 2

This is the y-coordinate of Q.
Hence the tangent at R passes through Q.
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29 Let the equation of the tangent be y =mx +c
Eliminating y between y =mx+c and x> -4y =4

x* —4(mx+c)’ =4

X’ —4m’x* —8mex—4c’ =4
(4m* =1)x* +8mex+4(c> +1)=0 *

As the line is a tangent, equation * has repeated
roots

‘b*—4ac=0"

64m*c* —16(4m*> —=1)(c* +1)=0
64m*c* —64m*c® —64m> +16¢* +16=0
16¢* = 64m*> —16

¢ =4m’ —1= c =+, (4m*> —1)

The equation of the tangent is

Solution Bank

-«

If the line was a chord, it would cut the curve
in two distinct points and this equation would
have a positive discriminant. As the line is a
tangent it touches the curve at just one point
and this equation has a repeated root. The
discriminant is zero.

If |m| < 1, then /(4m" —1) would be

<4— the square root of a negative number

y =mx+/(4m* —1), where |m|> 1, as required.

30a x=acost, y=bsint

dx . .d
—:—asmt,—y:bcost
dr

and there would be no real answer. The
cases m = *1 are interesting. For these

values the equations are y =+1x

1
2
These are the asymptotes of the
hyperbola and do not touch it at any
point with finite coordinates.
Asymptotes can be thought of as
tangents to the curve ‘at infinity’.

dr
d_y_%__bcost
dx & gsint
For the tangent
y=y=mx-x)
y—bsint:—bC?St(x—acost) <

asint
aysint —absin®t = —bx cost +abcos’ t
aysint +bxcost = ab(sin® t +cos’ t)
aysint +bxcost =ab

bcost
b ag &b
dx asint
., asint
m =
bcost
y=y =m'(x-x)
. in¢
y—bsmtzasln (x—acost)
bcost

bycost—b’sintcost = axsint—a’sintcost

axsint—bycost =(a’ — b*)sintcost

As the question asks for no particular
form for the equation of the tangent this
is an acceptable form for the answer.
However the calculation in part ¢ will
be easier if you simplify the equation at
this stage using sin’ #+cos’ ¢t =1

, using mm'=—1, the gradient of the normal is given by
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A

Solution Bank

@ Pearson

A

N2

Substituting y = 0 into the answer to part b
2 2

. . a
axsint = (a’> —b*)sintcost = x =
a

2 2
ucos t, Oj

The coordinates of Q are (
a

Substituting x = 0 into the answer to part a

The condition 0 < ¢ < g

implies that P is in the first
quadrant.

You find the x-coordinate of O by

cost substituting y = 0 into the equation

you found for the normal in part b
and solving for x.

You find the y-coordinate of R by

aysint=ab= y=—— b
sin ¢

The coordinates of R are (O,.L]
sint

The coordinates of M are given by

(x1+x2’yl+y2 _ az_bzcost, b
2 2 2a 2sint

If the coordinates of M are (x, y) then x = a-

substituting x = 0 into the equation
you found for the tangent in part a
and solving for y.

2

b . b
y=———=sint=—
2sint 2y

As cos’ t+sin’t =1, the locus of

/

2 2
. 2 :
M is % + b =1, as required.
a —b 2y

2ax
cost = cost =——— and
a —b
2 2
a - .
x= 5 cost and y =——— are the parametric
a

equations of the locus of M. To find the Cartesian
equation, you must eliminate ¢. The form of the answer
given in the question gives you a hint that you can use
the identity cos®¢+sin” ¢ =1 to do this.
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31a To find the equation of the tangent at (asecd,btanf)
x=asecH, y=btand

ﬂ:asecl9tan6?,%:bsec20

d_y_ bsec’ 0 _bsecO b
dx asecOtan@ atan@ asind
y=yn=m(x-x)

y—btanf =———(x—asecd) <+
asin@
)
aysin@—M=bx—absect9
cosé

=ab

cosd cosd

bx—aysind=abcosf (1)
To find the equation of the normal at (asecé,b tan )

a2 2
bx—aysiné’:ab(—1 S 9) cos 0

Using mm'=—1, the gradient of the normal is given by

_asin@
b
y=n=m'(x-x)

'

(x—asec)

y—btanf =—

by —b* tan @ = —axsin@ + a’tan &
axsin@+by =(a’ + b*)tanf (2)

As the question asks for no particular form
for the equation of the tangent this is an
acceptable form for the answer. However,
the calculation in part b will be easier if you
simplify the equation at this stage.

in@
cosfd

asin @ // When you multiply the brackets
b ;

=tand

out, sindsect =
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Solution Bank
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4—

= -
- -
-

\’X—'

e

This problem will be solved using the
property that the angle in a semi-circle is
a right angle and you need to show that
PS and QS are perpendicular. All five of
the points, P, Q, (asecd,btan @) and

the two foci lie on the same circle.

Substitute x = 0 into (1)

To find the coordinates of P, you

A

—aysinf =abcosd = y=—-bcotd

The coordinates of the P are (0,—bcot 0)
Substitute x = 0 into (2)

2 2

substitute x = 0 into the equation of the
tangent found in part a.

To find the coordinates of Q, you
substitute x = 0 into the equation of the

by =(a’+ b)) tan O = y =L+

2 2
@ +b tanH}
b

The focus S has coordinates (ae, 0)

The coordinates of Q are (O,

The gradient of PS is given by m = n-y, —beot6-0_
X, =X, 0—ae
The gradient of QS is given by
2 2
a +b
——tand-0 2, 72
T YN _Z@+b) e
X, — X, 0—ae abe
b 2 2 2 b2
mm'= —cotfdx— tané’:—%
ae abe ae
The formula for the eccentricity is
b* =a*(e’ -1)
b’ =d*e’—a’ = a’e* =a* +b’
2 2 2 2
Hence mm' =2 b __ath =-1

2 2 2 2
ae a +b

normal found in part a.

icot¢9

ae

So PS is perpendicular to OS and ZPSQ = 90°
By the converse of the theorem that the angle
in a semi-circle is a right angle, the circle
described on PQ as diameter passes through the focus S.
By symmetry, the circle also passes through the focus S'.

«—

There is no need to repeat the calculations
for PS' and OS'. It is evident from the
diagram that the whole diagram is
symmetrical about the y-axis, so, if the
circle passes through S, it passes through
S'. It is quite acceptable to appeal to
symmetry to complete your proof.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.




INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank

2x —2x
32a cosh2x= ¢ e
Whenx=Ink
er +e—2x ~ e21nk +e—21nk
2 2
5 In| —
~ e 4o (k )
2
1
K’ tox
2
k' +1

= YE as required

b f(x)=px—tanh2x
f'(x)= p—2sech’ 2x

2
P cosh? 2x
Atx=In2, f'(x)=0, so:

2
p—=0
cosh”(2In2)
From part a with £ = 2:

2% +1
cosh(2In2) = Y
17
8
Therefore:
2
p 17 7=0
(¥)
128
P= 289
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33a y=—x+tanh4x

Solution Bank

& =—1+4sech’4x=0
dx

sech’4x = % = cosh’ 4x =4
cosh4x=2
4x =arcosh2 = ln(Z + \/g)

@ Pearson

As coshx >1 for all real x,

cosh4x =-2 is impossible.

x=%h’l(2+\/§) <

b tanh’ 4x:1—sech24x=1—l:

As x>0, tanh4x:7
At x:lln(2+\/§)
4
1 3
y:—x+tanh4x:—zln(2+\/§)+7

= %(2\/5—11’1(24-\/5)), as required.

For x > 0, there is only one value of x which

gives a stationary value. The question tells
you that the curve has a maximum point so,
in this question, you need not show that this
point is a maximum by, for example,
examining the second derivative.

3
4 4
\/g You need a value for tanh 4x and this is

easiest found using the hyperbolic
identity sech’x =1—tanh” x.

When substituting remember to substitute for
the dx as well as the rest of the integral.

Use 1+sinh? & = cosh? @ to

34
x=—2 = 4(sinh @)
sinh
& (sinh6) cosh @ = —w
do sinh” @
1 1
.[ \/ 2 2 dx:j “ 2 5 (cllzde
(X" +a’) sinh@\/m—l_a
3 ’ﬁ;ﬁ?hg -1 J- cosh 9
- a* l+smh2 - COS
sinh2 @
=_l cosh&dez_ljlde
a” cosh@ a

1
= —— @+ constant
a

a

. a .
= ——arsinh| — |+ constant, as required.
X

simplify this expression.

As x= .a , then sinhg =2
sinh @ X

and @ = arsinh (gj.
X
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35a Let y=artanhx

Solution Bank

@ Pearson

To differentiate a function f(y) with
respect to x you use a version of the

tanh y = x
Differentiate implicitly with respect to x <
sechzyd—yzl Y_ 12 = ! -

dx dx sech’y 1-tanh”y

L as required

. d dy
chain rule —(f =f'(y)x—.
dx( )=y "

dv du .
b Using integration by parts and the result in part a You use .[ g = ”V_I vy & Wit
J.artanhxdx=J.1><artanhxdx - | dv du
u =artanhx and — =1. You know — from
dx dx
:xartanhx—'[ —dx part a.
I-x <
= xartanh x +11n (1 52 ) iy Thiys solution uses the result
jf ) 4 = In £(x). So [ _2’“2 dv=In(1-x)
f(x) I-x
and you multiply this by —1to complete the
solution. This is a question where there are a
number of possible alternative forms of the
answer.
. . e’ —e”’
36a Let y=arsinhx then x=sinhy = You multiply this equation throughout by
2 < ¢’ and treat the result as a quadratic in ¢’.
2x=¢" —¢e”’
e —2xe’ —1=0
o 2x++/(4x% —4) The quadratic formula has * in it.
2 < However x —+/(x” +1) is negative for all
2%+ 24/ (x% +1 real x and does not have a real logarithm,
= 2( ) =X+4 ()C2 +1) so you can ignore the negative sign.
Taking the natural logarithms of both sides, y =1In [x +4J(x% + 1)}, as required.
b y=arsinh x

sinhy =x
Differentiating implicitly with respect to x

coshyd—yzlzd—y: !
dx dx coshy
cosh’ y =1+sinh® y =1+x" = cosh y = /(1 + x%)

1

JA+x%)

Hence %(arsinh X)= =+ xz)fé, as required.

© Pearson Education Ltd 2019. Copying permitted for purchasing institutio
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x for all x. So its gradient is always
positive and you need not consider
the negative square root.
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You use the product rule for

36¢ y=(arsinhx)’

dy N differentiation i (uv) = vd—u +u ﬂ
a=2arsinhx(l+x2) 2 dx dv - dx
& i with u =1 2arsinhx and v =(1+x?) 2.
dx); =2(1+x%) *(1+x°) * + 2arsinh x x [_Ej 2x)(1+x%)

=2(1+x%)" = 2xarsinh x (1+x%) 2

2
Substituting for Y and d—); into
dx dx

2
(l+x2)d—)2}+xd—y—
& dx
—(1+ xz)(Z(l +x2)" — 2arsinh x(1+ xz)‘%)+ xx 2arsinh x(1+x2) * -2

=2 —2xarsinh x(1+x*) * + 2xarsinh x(1+ x%) * —2

=0, as required.

I; arsinh xdx = J: 1 x arsinh x dx

X

JA+x%)

%((1”2)%):%2”(1”2)*:

dr = J(1+ 7).

= [xarsinh x| — lde «—

d [X x]o J-() [(1+x2) Soj .
=arsinhl—[«/(l+x2)J1 V(I+x%)
=1n(1+\/§)—x/§+1

37a
45 +4x+5=(px+q)’ +r

2.2 2
=p X" +2pgx+q +r
. . 5 The conditions of the question allow p = -2
Equating coefficients of x

4=p*=p=2 <

as an answer, but the negative sign would
make the integrals following awkward, so
Equating coefficients of x choose the positive root.

4=2pg=49=>q=1

Equating constant coefficients
S=q¢’+r=l+r=r=4
p=2,g=1r=4
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1
— dx= J‘— dx If you know a formula of the type
4x* +4x+5 x+1)* +4 < 1

1 =t arctan[ %
Let 2x+1=2tan6 Ia2x2+b2 = p retan| == ), oryou

37b j

are confident at writing down integrals
by inspection, you may be able to find
1 ( dx J this integral without working. It is,
— however, very easy to make errors with
do the constant and get, for example, the

2i:2sec2 6?:>E:sec2 6
do do

L S O DL
j(2x+1)2+4 4tan26’+4

1 2x+1
common error Earctan 5 +C.

:10+C
4

1 2x+1
= —arctan +C
4 2

As in part b, you may be able to write

2 2
I ,(4)62 +4x+5) dx :J [((2x+1)2 + 4) dx ¢ down this integral without working.

Let 2x+1=2sinh @

2ﬂ=2cosh9:>ﬂ= cosh @
do do

j\/m m(dej

(cosh0)do = [1d6

:IZCoshQ
=6’+C=arsinh(%j+c

Using arsinhx =1In (x +(x7 +1) )

2 2x+1 (2x+1)°
dx=1 2 i1||+C
j«/(4x2+4x+5) n( 2 ) ( VI }]+

2x+1 4x* +4x+1+4
=In 5 + 2 +C

—In (2“1 +%J(4x2+4x+5)}+c

L 2

—In| 2x+1)+ /(4xz LAy 4 5):| “In2+C —In2+ an grbltrary constant is
L another arbitrary constant.

—In| (2x+1)+ /(45 +4x+5)}+k, as required.
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38 Solve the integral as follows:
x+2 dr

Vax*+9
X
_'[\/4x2 +9

dx+f

2 &
Vax®> +9
Then the first integral is a standard integral of the form Af '(x)(f (x))n , and we can easily see that its

V4x® +9
4

. o . 4x .
value is , as the derivative of v4x> +9 is ———=— For the second integral we make a

Vax* +9

substitution: if ¢ =2 x, then:

2
vrerrie
Zj—idt

2
J4x22+9 2

:J' ! dt = arsinh ¢ = arsinh %x

Vit +1

Then we can conclude that the integral of the function is

2

L2
+ arsinh §x+C.

39 Since (x—2)2 =x"—4x+4, we can rewrite the integral as =LS— dx. So if we put

5 (x—Z)2

4

+1

-2
t= xT we get that the integral is:

31
'[°2t2+12dt

Vit +1

=arsinh 2
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40 J-x arcosh xdx = > arcosh e J- This solution uses integration by parts,
Z«I(x ju—dx uv— jv " dx, with u = arcoshx and
To find the remaining integral, let x = cosh 0. dv _
dx % = x. There are other possible approaches to
—=sinh @ . . o
do this question, for example, substituting

2 2 u = arcoshx.
J- X dre J~ cosh’ @ (E}l@
27 =1) 2+/cosh? #—1\d6&

_ _[ cosh’ @

sinh 9d0 = - j cosh? 8d6
2sinh 2

=— J (cosh20+1)d0 ———— | Using the identity
4 cosh 26 = 2cosh? @ —1.

B sinh26’+g_ sinthosh9+g
8 4 4 4
[ (x2 —1)}x

4
Hence the area, 4, of R is given by

+ 2 arcoshx® sinh 8 = y/(cosh’ 6 - 1) = (x* — 1)
4

2 2
A= %arcoshx—%x\/(xz -1) —%arcoshx}

1

= [%—%] arcoshx —%x\/(xz - 1)}
| NE)

= Zarcosh2——}—[0] <
4 2

2

As arcosh 1 =0 and (12 —1) =0, both

terms are zero at the lower limit.

=%1n(2+\/§)—§,asrequired.
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41a 1, =Isec” xdx, n=0
Use integration by parts with:
u=sec"’ x = du_ (n—2)sec"” xtanx
dx
and

N
— =sec’x=>v=tanx
dx

I, =sec"” xtan x — 2)J-sec xtan® xdx

(n 2)J.s sec x— l)dx
=sec" xtanx—(n— 2)J-<sec x—sec”” )dx
=sec" xtanx—(n— Z)Isec xdx+(n- Z)J.sec”*zxdx
=sec"* xtanx—(n—2)1,+(n-2)I_,
I,+(n-2)1,=sec" xtanx+(n-2)1,,
(n—1)1, =sec" xtanx+(n—2)1

n—

=sec"? xtanx—

, as required

b [,= jsec“x dx
Using the reduction formula from part a:
31, =sec’ xtan x + ZI sec’x dx

=sec’ xtanx+2tan x+c

1, 2
1, :§sec xtanx+§tanx+c

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @ pearson

42a [ =|x"cosxdx, n=0

SR Y]

Use integration by parts with:
n du n-1
u=x"=—=nx

dx
and

dv )
—=cosx=>v=sinx

T 4
_ no: 4 n—=1 _:
I = [x smx]0 n_([x sin x dx
Use integration by parts again with:
_ du e
u=x"" :>—:(n—1)x :
dx
and
dv .
—=slnx=VvV=-Ccosx

1

I = [x” sin xl)% —-n [—x”"] cos xl)Z —(n —1) X" (—cos x) dx

O e [ D

x"? cos xdx

ct—n |3

i i
= [x” sinx}4 + n[x’“1 cos x]“ —-n(n-1)
0 0

T T

= [x” sin ng + n[x"*1 cos X]OZ —n(n=1)1,.,

= %(gjn + %[%)H —n(n=1)1,,

1 () (=
- | = —+n |—n(n-1)I,_, as required
ﬁm (4 j "
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2b I,=|x"cosxdx,n>0

ct—n |y

Using the reduction formula from part a:

I,= %GT_I (§+4j—4(4—1)14_2

3

o o
= —+4|-121
64\5(4 J ’
And:

1 (2 ' (n
[ =—|— —+2(-2(2-1)1
Zﬁm (4 ) 2l
1 =wn(=w
=——x—| =+2|=-21
V2 4(4 j 0

Calculating /o:

x° cosx dx

S S O S

1,

cosx dx

T

=[sin x]oZ

L
2

Putting everything together:

i (n j ( 1 n(n j 1 ]
[, =——|—+4 |-12| =x—| =42 |-2x—
RINAY V2 al4 V2

=%(%+4)—%[%+2}+12\/§

=0.0471197...
=0.0471 (4 d.p.)
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a 1
43a [ =Ix"(a—x)3dx, n>0,a>0
0
Use integration by parts with:

n du n—1
u=x"=>—=nx
dx
and
1
%z(a—x)3:>v———(a—x)3
n 3 ‘ r 3 n—1 4)
I =|—=x"(a=x)3| = || —mx"" (a—x)3 |dx
] [t
3— n i_a 3 r n—1 2
:—Z_x (a—x)3_0+zn£x (a—x)3 dx
B 47 a 1
=—§ x"(a—x)E +§njx”_l(a—x)(a—x)5dx
4| o 4 0
B 474 a 1 a 1
=—i x”(a—x)g +§n“ax”_'(a—x)3 dx—jx”(a—)c)5 J
L -0 4 0 0
3 . S 3 t ! 34 1
=—Z_x (a—x)3_0+zan-([x '(a—x)3 dx——n'([x (a—x)3dx
:—%_x”(a—x)g_o+%an]n_l——n[n
4 47
=1, :—{x" (a—x)3} +anl,  —nl,
3 0
4 ) o (o 4
§1n+n1n:— a (a—a)3 -0 (a—0)3 +anl |
I, (i—i- nj =anl,
3
1,,(4””}:4”11”1
3
3an .
I :ml"‘l as required
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4
43b I, :i—;cﬁ

Using the reduction formula from part a:
_3a(2)
P4+3(2)"

Integrating directly:

a

1, =J.(a—x)§dx

Putting everything together:

4

I, = —a><ia><—a3
4

27 %

= a 3
140

4

Since 7, =4—9a3

PRI
140 49
, 140
a =—-
49
140
7
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1

44a y= (ax3 ); = aix%

W 3!
dx 2

Using s = J.[l+(;b;j j dx gives:

X4

O C—

1
2
= (1+2ax] dx
4
9 4

Let u=1+2ax:>d—u:—a:>dx:_
4 dx 4 9a

whenx=0,u=1
whenx=4,u=1+9a

4 1+9a 1

1
.:[(l-F%CZX)ZdX :% I udu

1

4 2 é 149a
= — —uz
9({3 }

1

8 3
= [(l+9a)2 —1}
" 27a
b s =16, therefore:

8 1+9 2 1|=16
_ 2 — =
27a{( i a) }

3
2 —

( +9a) 54a
(1+ )3: S4a+1
(1+9a)’ =(54a+1)’

(1+18a+81a”)(1+9a)=2916a" +108a +1
1+27a+243a” +729a° = 2916a° +108a +1
729a° —2673a* —8la =0
81a(9a’ —33a-1)=0
Since a £ 0,
33£/33% —4(9)(-1)
2(9)

11+55
-

a=3.696... or a =-0.0300...
a > 0, therefore:
a=3.6967 (4 d.p.)

a=
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45a y=2x+16
1

x=—y"—8
2)’

dr _
dy Y

VB dx 2 %
Using s =J. I+ — dy gives:
Ya dy

1

3
I 1+ y dy as required
0

1
3 2
s =I(1+y2) dy
0
Let y =sinhu = dy = coshudu

Wheny=0,u=0
When y =3, u = arsinh 3

E

(1+y ) dy

o'—,w

1

arsinh3 )
= J. (1 +sinh? u) cosh udu

0
arsinh3

j cosh? udu
0

1 arsinh3

=— I (1+cosh 2u)du

0

1 arsinh3
[ +—sinh 24
2 0

arsinh3

=—[u +sinhu cosh u]

arsinh3
= %[u +sinh uA/1+ sinh? u}
0
1
= 5arsmh3 +— (3\/_ )
since arsinh x =1In (x +/1+x2 )
1 3
s=Lin(3+v10)+2 vi0
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46x=z2—1:>9:2z
de

let u=4+¢ = du =2tdt
whent=0,u=4
whent=2,u=38
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47 a For polar coordinates:

x=rcos6f

y=rsiné

The curve » =6 can then be expressed using the parametric equations:
x=rcosf

y=0sinf

Differentiating:

E:cos9—6?sin6?
do

d—y:sin9+90056’
do

Therefore:

dx ’ dy ’ : 2 : 2
— | +| = | =(cos@—0sinH)" +(sind+6Hcosh)
de dé
=(cos* @—26cosOsin @+ 6’ sin” @) + (sin® @ + 26 cos Osin & + 6° cos’ )
=(cos’ @ +sin” @) + (20 cos sin @ — 20 cos Osin O) + 6° (sin” @ + cos’ 6)
=1+6?

1
0, 2 2\3
Using s = JL(%) +(%j J dé gives:

o,
4n
W= j\/1+92d¢9
0

Let @ =tanx = déf =sec’ x dx
when 6=0,x=0
when 6 =4n, x =arctan4n

W= 4Jlr(l+tan2 x); sec’ x dx
0
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47b I, =.[sec”xdx
Use integration by parts with:
u=sec"’ x = du_ (n—2)sec"” xtanx
dx
and

N
— =sec’x=>v=tanx
dx

I, =sec"” xtanx—(n—2)[sec”” xtan’ xdx

( J}sec"2 x<5602 x—l) dx
( I(sec” x—sec"” x)dx
=sec" xtanx—(n—2 J-sec" xdx+(n—2)'|‘sec'“2 x dx
(
I,+(n-2)1,=sec" xtanx+(n-2)1,,
(n—1)1,=sec"” xtanx+(n—-2)1,_,

;- sec"? xtanx+(n-2)1,_,

n

n—1

arctan4mn

Since W = J. sec’xdx using the reduction formula with n = 3 gives:

0

arctan4mn

[secx tan x]zrcmﬂn + I sec x dx
W = 0
2
arctan4mn arctan4mn
_ [secxtanx]O +[ln|tanx+secx ]0
2
= 80.82...
=80.8 (3 s.f)
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1 1
48 x =2¢2 zﬂzt 2

dr

dy
=l-t=>—=—=-1

Y dr

1
. (Y (Y ), )
Using SZZEJ.X((E) -{Ej ] dr gives:

Iy

S= 27{[ 20 [(ri jz +(-1)° szt

1
41 2
:4njt2(l+lj dr
e
T 1
=d4n[(1+1)> dt
1
Let u=1+t=du=dr
Whent=1,u=2
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1

49 a yz(a—xz)z, -1<x<1
dy _

e —x(a—x2 );

Xp dy 2 %
Using S =2=n 1+ = dx gives:
g Iy( ( dx] J g

X4

1 1 2 %
S=2nj(a—x2)2[1+ a Zj dx

-1

e a-—x
s o P s
-2 [(a-) (_j
11
=2nazjdx
iil |
=2na2[x]_l

the surface has an area of 24x and since the curve has equal area on either side of the axes:

1
2na? [x]:) =12n
1

2na? =120
1

a’=6
a=36

i

i
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50 For polar coordinates:
x=rcosd
y=rsind

The curve r =+/cos26 can then be expressed using the parametric equations:
x =+/cos28 cosb
y =4/c0s26 sind

Square both sides to ease differentiation:
x* =cos20cos’ 0
y* =cos26sin’ @
Differentiate with respect to parameter 6:

2x (%) = 05260 x2cos O(—sin ) + (-2 sin 26) cos’ &

E = —lcos 0(cos260sin @ +sin 260 cos )
do X
= —lcosHsin39
X

2y (d—j = c0s 26 x 2sin B(cos B) + (—2sin 26)sin* O

Y _ —lsin O(cos260cos@—sin20sin 0)
do y
= —lsin9c053c9

Y

Then:
2 2
(ﬁ) +(d—yj = chos2 @'sin’ 3t9+i2sin2 @ cos’ 36
deo de X y

_ cos’ @sin’ 30 . sin® @ cos” 30
cos2fcos’ @  cos28sin’ &
_sin’30 . cos’ 360
cos260 cos26
1
0820

Xp 2 2
Using Szan[y[(%j _{%] J dx gives:
dx

) 1
A/ cos 26 sin O x

cos26

N | =

9%}
Il

2

Il
\S]
3

Ol [y O[]
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51 y=e", 0<x<1

b_
dx

X

€

N | —

. r dy ? .
Using S =2n 1+ — dx gives:
R EERIEE

S=2

Let u

X4

1
2

n_l[e" (1+ez") dx
0

=e¢' =>du=¢e"dx

Whenx=0,u=1
Whenx=1,u=¢e

1
e

S:27tj(1+u2)2du

Let u

1
=sinhv=du =coshv dv

When u =1, v=arsinh 1
When u =e¢, v=arsinh e

S=2

=2

=2

=2

Express sinh 2v in terns of sinh v to allow the substitution of limits:

§S=2

=T

=T

=T

Since

S=mn

arsinh(e) 1
T J. (1+sinh® v)2 coshv dv
arsinh (1)
arsinh(e)
n _[ cosh’ v dv
arsinh (1)
arsinh(e) 1
T '[ (— +—cosh 2vj dv
arsinh (1) 2
r 1 1 arsinh(e)
n| —v+—sinh 2Vj|
12 4

arsinh (1)

arsinh(e)

1 1 .
| —v+—x2sinhvcoshv
2 4 arsinh (1)
arsinh(e)

arsinh (1)

r arsinh(e)
v+sinh vv/1+sinh? v}

arsinh (1)

(arsinh(e) + em) - (arsinh(l) + lm)}
arsinh x = ln(x+m),
:ln(e+m)+em_m(1+\/§)_\/§}

[v+sinhvcoshv]

ﬂ{ln(—eij]Jrem—ﬁ}

142

=22.9427...

=22.943 (3 d.p.)
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Challenge
1 a
|~ M=
: l
my
¥
Y=mx+c

I =MaX + Cz
Using the identity for tan(4 + B):
tan f—tana  m,—m,

tan 0 =tan (f —a) = =
l+tan ftana 14+mm,

as required.

. . . . ) . acost
1 b Assuming the point P has coordinates (acost, bsint), the gradient of the normal at P is oS
sim¢
Knowing that the coordinates of the foci are (+ae,0), we can easily find that the gradients of PS
bsint
and PS’ are
acost*ae

So, using the result from part a, the tangent of the angle between PS and the normal is:

asint bsint a’ costsint—a’esint —b* costsint
bcost _acost—ae  _ abcos’ t —abecost
asint bsint absin’t
1+ 1+ .
bcost )\ acost—ae abcos” t —abecost

_ (a®—b*)costsint —a’esint

abcos® t —abecost +absin® t
_a’e’costsint—a’esint
ab(l1-ecost)

_ —d’esint(l-ecost)  aesint
ab(l1—ecost) b

Similarly, we find that this is also the value of the tangent of the angle between the normal and PS”’
Therefore, since the tangent is injective between 0 and 2w (where it is defined), we can conclude
that the two angles are the same.
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Xp dy 2%
Using S =2n 1+ — dx gives:
: Jy[ (] Jos e

X4

,/ 1 +— >1, x>0 1s always positive, therefore:
1 / 1 1
— I+ = >
X X X

271:..‘1 I+—dx> ZnJ.ldx, x>0 as required.
1 X 1 X

Asa— o, Ina — o
Therefore:

r 1
27t_[— 1+— dx > asa—
lx X

So Torricelli’s trumpet does have infinite surface area.
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